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Abstract For constrained Hamiltonian systems, the motion equations are deduced from to-
tal Hamiltonian and extended Hamiltonian with Lagrangian multipliers depending on time t

and canonical variables qi and pi . When the multipliers reduced to only depend on time t ,
the motion equations exactly agree with the old results. Under the same conditions (La-
grangian multipliers depend on time t and canonical variables qi and pi), the relation equa-
tions of coefficients in the generator of gauge transformation are deduced, but the equations
have an additive term besides the well-known results. This additive term is from Lagrangian
multipliers depending on canonical variables, and it might perform the gauge symmetries
that needs to be discussed further.

Keywords Constrained Hamiltonian system · Total Hamiltonian · Extended Hamiltonian ·
Canonical Hamiltonian equations · Gauge symmetry

1 Introduction

For constrained Hamiltonian systems, the validity of Dirac’s conjecture has been discussed
more than half a century since Dirac brought it out [1, 2]. A system with a singular La-
grangian (a constrained Hamiltonian system) its canonical formalism is characterized by
the presence of certain constraints about the canonical variables following the definition of
generalized momentum. These constraints are called primary constraints, including possibly
first-class and second-class. According to Dirac-Bergman method [3], the stationarity of all
the primary constraints can produce secondary constraints (also including possibly first-class
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and second-class), or determine the corresponding Lagrangian multipliers, or only give some
trivial equations. In Dirac’s sense, all the secondary constraints should be introduced into the
Hamiltonian, which is called extended Hamiltonian different from total Hamiltonian includ-
ing only primary constraints. Based on the constraints, many problems were put forward.
The relations between constraints and invariance were clarified by Bergman and co-workers
[4, 5]. The interrelation between Lagrangian and Hamiltonian constraints were established
by Kamimura [6]. The influence of singularity on the Lagrange equations and the formula-
tion of Hamiltonian formalism were discussed carefully by Shanmugadahasan [7, 8]. The
structure of Dirac bracket was investigated in detail by Sudarshan and Mukunda [9].

According to the kinds of the constraints, a constrained system can be taken as two kinds,
one is the system only including first-class constraints, the other is that including both first-
class and second-class ones. The former had been discussed in [10, 11] carefully. The later
had been discussed in [12–14], too. In these discussions, Lagrangian multipliers were taken
as constants, or time-dependent functions. In recent years, based on Lagrangian multipliers
depending on time t and canonical variables qi and pi , some of characteristics of the con-
strained systems had been re-discussed [15–21], and master equations on the coefficients
of the generator were given [22]. But considered Lagrangian multipliers as functions de-
pending time t and canonical variable qi and pi , the motion equations of total Hamilton
and extended Hamiltonian have not been done. In this paper, the equations of motion will
be deduced, and the equations of coefficients of the generator will be re-deduced, based on
total Hamiltonian and extended Hamiltonian. The motion equations can be reduced to the
same form as known, but the relation equations of coefficients have an additive term, which
is from the Lagrangian multipliers depending on canonical variables, and might perform in
gauge symmetry. This might need to be discuss further.

2 In Total Hamiltonian Formalism

For simplicity, let us consider a constrained mechanical system with a finite number of
degrees of freedom its motion is described by a Lagrangian L(t;qi, q̇i). Variables qi

(i = 1,2, . . . , n) are called generalized coordinates and q̇ i are called generalized veloci-
ties. And the Lagrangian L is dependent on time t explicitly. According to the definition of
canonical momentum, pi = ∂L

∂q̇i , we can give primary constraints as

φ0
ρ = pρ − gρ(q

i,pa) (a = 1,2, . . . ,R; ρ = 1,2, . . . , n − R) (1)

where φ0
ρ do depend on the generalized coordinates qi and generalized momenta pi (includ-

ing pa and pρ ), but not on the generalized velocities q̇ i , which are called primary constraints.
In Dirac’s sense, the total Hamiltonian can be written as

HT = HC + λρ(t;qi,pi)φ
0
ρ (2)

where HC denotes canonical Hamiltonian, HC = piq̇
i − L(t;qi,pi); φi

ρ are primary con-
straints; and λρ(t;qi,pi) denote Lagrangian multipliers introduced corresponding to the
constraints, respectively. The motion equations of total Hamiltonian can be expressed as

q̇ i = {qi,HT } = {qi,HC} + {qi, λρ(t;qi,pi)}φ0
ρ + λρ(t;qi,pi){qi, φ0

ρ} (3)

ṗi = {pi,HT } = {pi,HC} + {pi, λ
ρ(t;qi,pi)}φ0

ρ + λρ(t;qi,pi){pi,φ
0
ρ} (4)
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here {·, ·} denotes the Poisson bracket. Any time-dependent and canonical variable-
dependent function F(t;qi,pi), whose evolution of time can be given as

Ḟ = {F,HT } = {F,HC} + {F,λρ(t;qi,pi)}φ0
ρ + λρ(t;qi,pi){F,φ0

ρ} (5)

If we assumed that in Dirac’s conjecture the first-class constraints are limited in primary
constraints, the generator of gauge transformation would be performed as

G = εl(t)φ0
l (6)

where εl(t) denote arbitrary coefficients in the generator of gauge transformation, and which
are functions depending only on time t , corresponding to the primary first-class constraints
φ0

l , respectively. According to the stationarity of the generator Ġ = ∂G
∂t

+ {G,HT } = 0, the
relations between coefficients and Lagrangian multipliers can be obtained as

ε̇l (t)φ0
l + εl(t){φ0

l ,HC} + εl(t){φ0
l , λ

ρ(t;qi,pi)}φ0
ρ = 0 (7)

here the definition of first-class constraints and the stationarity of the constraints have been
used. If the Lagrangian multipliers λρ(t;qi,pi) are simplified as λρ(t) which are depending
only on time t , the (7) would be simplified as the results given by Galvão and Boechat [23]

dεl(t)

dt
φ0

l + εl(t){φ0
l ,HC} = 0 (8)

If the constrained system does not have secondary first-class constraints, in other words, all
secondary constraints are second-class constraints or can be expressed by the linear combi-
nation of the primary first-class, (7) could be rewritten as

dεl(t)

dt
+ εn(t)αnl = 0 (9)

where αnl are defined as {φ0
l ,HC} = αnlφ

0
l . If both of the coefficients εl(t;qi,pi) and the

Lagrangian multipliers λρ(t;qi,pi) are depending on time t and canonical variables qi and
pi , how did the master equations in [20–22] express need discussing further [24].

In mathematical sense, the motions of a constrained system must be limited on the hyper-
surface of constraints, but in physical sense, they do not, once other external forces perform.
Therefore, in mathematical sense (or in physical sense without external force performing),
the total Hamiltonian equations can be simplified as the following

q̇ i = {qi,HT } = {qi,HC} + λρ(t){qi, φ0
ρ} (10)

ṗi = {pi,HT } = {pi,HC} + λρ(t){pi,φ
0
ρ} (11)

Both of the above equations are equivalent to the canonical Hamiltonian equations when La-
grangian multipliers λl(t) depended only on time t very well. And for function F(t;qi,pi),
its evolution can be given as

Ḟ = {F,HT } = {F,HC} + λρ(t){F,φ0
ρ} (12)

exactly agreeing with the result when Lagrangian multipliers are depending only on time t .
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Under most conditions, the dynamical system is developing continuously, i.e., there do
not appear that an external force or source is suddenly introduced. When Lagrangian multi-
pliers λρ(t;qi,pi) depend on time t and canonical variables qi and pi , whether the motion
equations of extended Hamiltonian can agree with (10), (11) and (12) will be discussed in
what follows.

3 In Extended Hamiltonian Formalism

For simplicity, we still consider the above system with Lagrangian L(t;qi, q̇i). For this con-
strained system, there are primary constraints φ0

l and total Hamiltonian HT , which have been
discussed in the above section. Following Dirac-Bergman approach, secondary constraints
can be derived from the stationarity of primary constraints. The stationarity can be written
as

dφ0
l

dt
= ∂φ0

l

∂t
+ {φ0

l ,HT } = 0 (13)

For the primary constraints do not depend on time t explicitly, (13) can be rewritten as

dφ0
l

dt
= {φ0

l ,HT } = {φ0
l ,HC} + λm(t;qi,pi){φ0

l , φ
0
m} ≈ 0 (14)

where “≈” [25–27] different from “=” [28, 29] denotes (14) limited on hyper-surface of
primary constraints. Therefore, the above equations can be rewritten as

{φ0
l ,HC} + λm(t;qi,pi){φ0

l , φ
0
m} ≈ 0 (15)

If φ0
m are second-class constraints, we can get |{φ0

l , φ
0
m}| �= 0. From (15), the corresponding

Lagrangian multipliers can be solved as

λm(t;qi,pi) = −{φ0
l ,HC}{φ0

l , φ
0
m}−1 (16)

Otherwise, (14) would be trivial identities, or would produce new constraints φ1
p = {φ0

l ,HC}.
This indicates that all secondary constraints naturally are generated by the commutation
relations between known first-class constraints and canonical Hamiltonian, not from total
Hamiltonian [30, 31]. The second-hand constraints are from the commutation relations be-
tween the primary first-class constraints and canonical Hamiltonian, the third-hand con-
straints are from the commutation relations between the second-hand first-class constraints
and canonical Hamiltonian, and so on. Until the constraints do not give rise to other new
constraints, this process would stop. In the last step, we will get identities or linear combi-
nations of known constraints.

In Dirac’s sense, the motion of a constrained system should be described by extended
Hamiltonian which is introduced all constraints (including primary and secondary ones).
Therefore, (3) and (4) should be replaced by

q̇ i = {qi,HE} = {qi,HC} + λs(t;qi,pi){qi,χs} + {qi, λs(t;qi,pi)}χs

+ {θl,HC}{θl, θm}−1{qi, θm} (17)

ṗi = {pi,HE} = {pi,HC} + λs(t;qi,pi){pi,χs} + {pi, λ
s(t;qi,pi)}χs

+ {θl,HC}{θl, θm}−1{pi, θm} (18)
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where χs denote all first-class constraints including primary and secondary ones; θm de-
note all second-class constraints including primary and secondary ones, too; HE denotes
extended Hamiltonian HE = HC + λs(t;qi,pi)χs + λn(t;qi,pi)θm. In above equations, all
of the Lagrangian multipliers λm(t;qi,pi) corresponding to second-class constraints are
replaced by their solutions.

Under the same conditions, the evolution equation function F(t;qi,pi) is re-written as

Ḟ = {F,HE} = {F,HC} + λs(t;qi,pi){F,χs} + {F,λs(t;qi,pi)}χs

+ {θl,HC}{θl, θm}−1{F, θm} (19)

Selecting the assumption in the above section (Lagrangian multipliers λs(t) only depend
on time t and all motions are limited on hyper-surface defined by all constraints), we can
simplify (17), (18) and (19) as

q̇ i = {qi,HE} = {qi,HC} + λs(t){qi,χs} + {θl,HC}{θl, θm}−1{qi, θm} (20)

ṗi = {pi,HE} = {pi,HC} + λs(t){pi,χs} + {θl,HC}{θl, θm}−1{pi, θm} (21)

Ḟ = {F,HE} = {F,HC} + λs(t){F,χs} + {θl,HC}{θl, θm}−1{F, θm} (22)

The three equations have exactly the same form of the results given by Li group [32]. If
we do not limited the motions on the hyper-surface, the above motion equations would be
added another term {·, λs(t;qi,pi)}χs . Furthermore, they are very difficultly simplified as
the results in Ref. [32]. Whereas we will give some simple discussion about this problem.
We first simplify the additional term as

{qi, λs(t;qi,pi)}χs = ∂λs(t;qi,pi)

∂pi

χs (23)

{pi, λ
s(t;qi,pi)}χs = −∂λs(t;qi,pi)

∂qi
χs (24)

{F,λs(t;qi,pi)}χs =
[

∂F

∂qi

∂λs(t;qi,pi)

∂pi

− ∂F

∂pi

∂λs(t;qi,pi)

∂qi

]
χs (25)

According to the Lagrangian multipliers λs(t;qi,pi) are arbitrary functions, which are de-
pending on time t and canonical variables qi and pi , we redefine three new series of La-
grangian multipliers λs′(t;qi,pi), λs′′(t;qi,pi) and λs′′′(t;qi,pi) as the following

λs′(t;qi,pi) = λs(t;qi,pi) + ∂λs(t;qi,pi)

∂pi

(26)

λs′′(t;qi,pi) = λs(t;qi,pi) − ∂λs(t;qi,pi)

∂qi
(27)

λs′′′(t;qi,pi) = λs(t;qi,pi) +
[

∂F

∂qi

∂λs(t;qi,pi)

∂pi

− ∂F

∂pi

∂λs(t;qi,pi)

∂qi

]
(28)
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Therefore, (17), (18) and (19) can be rewritten as

q̇ i = {qi,HE} = {qi,HC} + λs′(t;qi,pi){qi,χs} + {θl,HC}{θl, θm}−1{qi, θm} (29)

ṗi = {pi,HE} = {pi,HC} + λs′′(t;qi,pi){pi,χs} + {θl,HC}{θl, θm}−1{pi, θm} (30)

Ḟ = {F,HE} = {F,HC} + λs′′′(t;qi,pi){F,χs} + {θl,HC}{θl, θm}−1{F, θm} (31)

If there are a series of Lagrangian multipliers κs , which can denote all λs′(t;qi,pi),
λs′′(t;qi,pi) and λs′′′(t;qi,pi), the above equations would exactly agree with the results
in [32–34].

In Dirac’s sense, all first-class constraints are the generator of gauge transformation. The
generator should be expressed as

G = ωs(t)χs (32)

where ωs(t) denote coefficients of the generator of the gauge transformation correspond-
ing to first-class constraints, respectively; χs denote all first-class constraints (including
the primary ones and the secondary ones). According to the stationarity of generator
dG
dt

= ∂G
∂t

+ {G,HE} = 0, the relations between the coefficients ωs(t) and the Lagrangian
multiplier λt (t;qs,pi) can be given as

ω̇s(t)χs + ωs(t){χs,HC} + ωs(t){χs,λ
t (t;qi,pi}χt + ωs(t)λt (t;qi,pi){χs,χt } = 0 (33)

In the definition of first-class constraint, the third term in (33) is vanished. And by defining
{χs,HC} = αsμχμ and {χs,λ

t (t;qi,pi} = βstχ
t , and limiting the evolution of generator on

hyper-surface, we can simplify the above equations as the following

dωs(t)

dt
+ ωμ(t)αμs + ωt(t)βts = 0 (34)

This equations do not agree with the results in [35–38]. There is an additive term ωt(t)βts .

4 Conclusions

In this paper, when Lagrangian multipliers are functions depending on time t and canonical
variables qi and pi , the motion equations of total Hamiltonian and extended Hamiltonian
have been deduced. The relations of between the total Hamiltonian and extended Hamil-
tonian equations and the canonical Hamiltonian ones are discussed. The situation of the La-
grangian multipliers depending on time t and canonical variables qi and pi is more general
than that of the Lagrangian multipliers depending only on time. And the relation equations
of coefficients of generator have been deduced, too. There is an additive term in the equa-
tions, this result might lead to affect the gauge transformation, even bring out the alteration
of the corresponding conserved charge. Once this assumption is proved right, the validity of
Dirac’s conjecture would be invalid. In other words, some secondary first-class constraints
may not be generators of gauge transformation in a constrained Hamiltonian system with
a singular Lagrangian. This assumption needs to be discussed further. Therefore, the total
Hamiltonian including all primary constraints (first-class and second-class constraints) is
more general than the extended Hamiltonian including all constraints (primary first-class
and second-class constraints, and secondary first-class and second-class ones), at least be-
fore Dirac’s conjecture is proved valid.
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